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1. We determine all the symmetric digraphs with a prime number, p, of 
vertices. We also determine the structure of their groups. Our results are similar 
to the case of undirected graphs. But some of the proofs are simpler. 
2. The isomorphic classes of the vertex-transitive digraphs with p vertices 
are enumerated. 
3. We state an algorithm for obtaining the group of any given vertex-transi- 
tive digraph with p vertices. The algorithm gives a partial answer for the open 
problem 2 on page 301 in [7]. 
1. INTRODUCTION 
The graphs we consider here are finite and simple digraphs (directed 
graphs) without loops. A digraph X is said to be vertex-transitive if its 
group of automorphisms, G(X), is transitive on its vertices V(X). X is said 
to be edge-transitive if G(X) is transitive on its edges E(X). X is said to be 
a symmetric graph if it is both vertex-transitive and edge-transitive. In [3], 
one of us classified all symmetric undirected graphs with a prime number, 
p, of vertices. Since undirected graphs may be considered as a special case 
of digraphs, here we generalize the results in [3] to digraphs, and present 
an algorithm for obtaining the group of automorphisms of a given vertex- 
transitive digraph with p vertices, i.e., in Section 2, we show that, besides 
non-complete and non-null digraphs with p vertices, there exists a sym- 
metric digraph withp vertices and degree m, 1 < m < p - 1, if and only 
if m divides p - 1. Also, if two such digraphs exist, they are isomorphic. 
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We note that, for the undirected case, m has to be even (Theorem 1 on 
page 251 in 131). In Section 3, we show that the group of automorphisms 
G(X) of a non-complete and non-null vertex~transitive graph X with p 
vertices is either a cyclic group of order p or G(X) = ( 
defining relations 
RP = e, on = e, 
where n dividesp - 1 and rn = 1 modp. ‘We note that, for the undirected 
case, G(X) cannot be a cyclic group (also, see Theorem 3 on page 252 in [3]). 
In Section 4, by using a theorem of P6lya, we enumerate the isomorphic 
classes of vertex-transitive digraphs with p vertices. Our method is simiIar 
to Turner’s for undirected graphs in [6]. In Section 5, based on the fact 
that the group of automorphisms of a vertex-transitive digraph with y 
vertices always contains the cyclic group generated by (012 . ~. (p - I)), 
we can obtain all the vertex-transitive digraphs with p vertices. Then we 
state an algorithm for obtaining the group of any given vertex-transitive 
digraph with p vertices, and give some examples 
2. THE CLASSIFICATION 
LEMMA 1. Let X be a non-null and non-complete vertex-trajzsitieve 
digraph with a prime number p of vertices. Then: 
(1) G(X) is solvable, 
(2) either G(X) is cyclic of order p or G(X) is a Frobenius group, and 
(3) G(X) is (3/2)-ply transitive ifit is not cyclic. 
Proof. A theorem of Burnside (see page 29 in [S]) states that every 
non-solvable transitive group of a prime degree is doubly transitive. Since 
no graph, except the null graph and the complete graph, is doubly 
transitive, G(X) is solvable. By a theorem of Galois (see page 29 in [g]), 
a transitive group G of prime degree is solvable if and only if Gij = (e>, 
i f j, where e is the identity of G, and Gij consists of all the elements ~8’ G 
each of which leaves i and j pointwise fixed. If G(X), = (e}, then G(X) is a 
cyclic group of order p. If G(X), # {e>, then G(X) is a Frobenius group. 
It is well known that every Frobenius group is (3/2)-ply transitive. 
LEMMA 2. Let p be a prime, H = (0, I, 2 ,..., p - I> be the groerp oj 
integers modulo p, A(H) be the group of automorphisms of H and X be a 
non-complete and non-null vertex-transitive digraph with V(X) = Hi Then 
G(X), is a subgroup of A(H). 
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Proof. By Lemma 1, either G(X) is cyclic of order p or G(X) is a 
Frobenius group. If G(X) is a cyclic group of order p, then G(X), is the 
identity subgroup and G(X), C A(H). Consider the case that G(X) is a 
Frobenius group, then the order of G(X), I G(X)], is equal to the product 
of p and / G(X), I. Since 1 G(X) ’ d 1s ivisible by p, G(X) has an element R of 
order p. Let R = (01 ‘** (p - 1)). By a theorem of Frobenius, <R) is a 
normal subgroup of G(X) (see page 10 in [Xl). 
Let 7 be an arbitrary element of G(X), . Suppose T were not in A(H). 
Thenl~==jandi7=ji,i,<kforsomeksuchthatl <k<p- l.But 
(k + 1)~ = jk + s where s # j. We have 
O@Rj+) = 1. 
Since <R) is normal in G(X), TRG--~ = Rt for some t. But O(TR~T-') = 1 
implies that t has to be 1. Hence, rRj = RT. But 
and 
krRj = jk + j, 
kRr = (k + 1)~ = jk + s. 
Since j Z s, we have a contradiction. Consequently, 7 E A(H) and 
G(X), C A(H). 
We note that for a vertex-transitive digraph the in-degree and the out- 
degree are always equal to a non-negative integer m at every vertex. This 
non-negative integer is said to be the degree of the digraph. 
THEOREM 1. Let p be a prime. A non-null and non-complete symmetric 
digraph of degree m with p vertices exists if and only if m divides p - I. 
Proof. Assume that X is a symmetric digraph of degree m where 
0 < m < p - 1, and V(X) = (0, 1,2 ,..., p - 11. Then, by Lemma 1, 
either G(X) is a cyclic group or G(X) is a Frobenius group. If G(X) is cyclic, 
then m = 1. If G(X) is a Frobenius group, the orbits of G(X), have the 
equal length greater than 1. Suppose [0, j] E E(X), then the length of the 
orbit of j under G(X),, is m, and every orbit of G(X),, is of length m. It 
follows that m divides p - 1. 
Now we show that, for every m such that m divides p - 1, there exists 
a symmetric digraph of degree m withp vertices. Let H = (0, 1,2,..., p - I} 
be the group of integers modulop and A(H) be the group of automorphisms 
of H. Then we know that A(H) is a cyclic group of orderp - 1. Say, A(H) 
is generated by (r, i.e., A(H) = {u, o2 ,..., oP-~, u*-l = e}. Since m divides 
p - 1, we have p - 1 = mr for some positive integer r. Let r = u.’ and 
K = (17, 1~~ ,..., 1+-l, l? = l}. 
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We form the Cayley digraph X,,, of with respect to K> i.e., 
V(XH,K) = H and E(X,,,) = {[h, h + k]; h E H, k E 
Now we claim that X,,, is a symmetric digra~~ 
and the left regular representation of H is contained in G(X,,,), the right 
regular representation (say, generated by R) belongs to G(X,,,). Conse- 
quently, X,,, is vertex-transitive. Let [i, i + I+] E E(XH,K) for some i in H 
and 1.9 E R. Then 10, l] +Ri = fi, i + laj]. Since [O, 11 EE(;YH,J, it 
follows that, for any two edges in E(X,,,), there is an element in G(,V,.J 
which takes one to the other, i.e., X,,, is edge-transitive, and it is symmetric 
with degree m. 
THEOREM 2. Let p be a prime. IfX and Y are symmetric dgraphs with p 
vertices and degree m, then X and Y are isomorphic. 
We omit the proof here since it is similar to t e proof of Theorem 2 on 
page 252 in [3]. 
3. THE GROUP 
THEOREM 3. Let X be a non-mdl and non-complete vertex-transitive 
digraph with a prime number, p, of vertices. Then G(X) is either a cyclic 
group of order p or there exists a positive integer n such that the degree 
of X is a multiple of n and C(X) = (R, CJ> with the defirzing relations: 
RP = e, 0” = e 3 a-1Ro = RT , P> 
where e is the identity of G(X), n divides p - 1, and rn = Ii mod p. 
Proof. By Lemma 1, either G(X) is a cyclic group of order p or G(X) is 
a Frobenius group. Suppose G(X) is not cyclic, then, by Lemma 2, 
G(X), C A(H) and / G(X),, j > 1 where V(X) = 96 = (0, l,..., (p - 1)). 
Since A(H) is a cyclic group of order p - 1, C(X), is a cyclic group of 
order n which divides p - 1. Say, G(X), = (g) and CP = e. Then each of 
(CJ) fixes 0 and permutes the other p - 1 vertices in orbits of length IZ, 
We claim that the number of edges incident with 0 is a multiple of n. 
G E G(X) means that CT takes an edge to an edge and a non-edge to a 
non-edge. If [O, i] E E(X), then [0, iaj] E E(X) for j = 1, 2,...., n - 1 and, if 
[0, i] 6 E(X), then [0, i(~j] +Z E(X) for j = I, 2,..., 1% - 1. It follows that the 
degree of X is a multiple of n. 
Since a Frobenius group is transitive, the order sf G(X) is the product of 
p and the order of G(X), . Let R = (012 v.~ (p - I))- Then (R) is the 
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Frobenius kernel of G(X), and it is normal in G(X). Since 
W n WOO = {e>, G(X) = (R) GW), . 
That is, c+Ra = RT for some integer r. 
Since u E A(H) and 5 is of order n, u contains the cycle (lkk2 **a k*-l) 
in its cycle decomposition, where k” = 1 modp. Then 
. . . -.* . . . 
o-lRo = 
0 1 0 1 . . . km-l 0 1 . . . km-1 + 1 
0 km-1 . . . )( 1 2 km-l + 1 . . . )( 0 k . . . k+l a.. 
= 
Hence Y = k and rn = 1 modp. 
CoRoLLARy 3.1. Let X be a non-complete and non-null symmetric 
digraph with p vertices. Then: 
(1) j G(X), 1 = n if and only if the degree of X is n. 
(2) If the degree of X is n > 1, then G(X) = (R, 0) with the dejining 
relations as (*). 
(3) G(X) is cyclic ifand only if the degree of X is 1, i.e., ifand only ifX 
is a directed I-cycle. 
COROLLARY 3.2. Let X be a non-complete and non-null symmetric 
undirected graph with p vertices. Then: 
(1) 1 G(X), 1 = n, where n is even, if and only if the degree of X is n. 
(2) G(X) = (R, CJ) with the dejining relations as (*). 
4. ENUMERATION 
We generalize to digraphs the enumeration method of Turner in [6] 
which is based on a theorem of P6lya [5]. Since the group of auto- 
morphisms of a vertex-transitive digraph with p vertices contains the 
cyclic group generated by (012 ... ( p - I)), we apply Schur’s algorithm on 
((012 *.* (p - 1))) and obtain all the vertex-transitive digraphs with p 
vertices (see Theorem 4 and the algorithm on page 493 in [4]; although [4] 
deals with undirected graphs, the same theorem and procedure hold for 
digraphs). This means that every vertex-transitive digraph with p vertices 
is a regular digraph with directed p-cycles combined together. Hence, we 
may consider each vertex-transitive digraph X with p vertices as a Cayley 
graph X,,, where H is the group of integers modulo p and K is a subset of 
H such that 0 6 K. Similar to Turner’s Theorem 3 in [6], we have 
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THEOREM 4. The vertex-transitive digraphs X,,, and XH,K~ ON p vertices 
are isomorphic if and only if there exists a u E A(W) such that o maps K 
onto K’. 
Proof. We assume that there exists a u E A(H) which maps K onto ail’, 
Let i be any element in K, then io E K’. Hence [,j, j f i] E E(X,,,) for 
j = 0, l,..., p - 1, if and only if [j, j + icr] E E(XH,K,). That is, X’,,, and 
X,;,, are isomorphic. 
Now assume X,,, and I,,,, are isomorphic. Let A(X,,,) and A(X~~,,) 
be the adjacency matrices of X,,, and XH,,, respectively; then we have 
P-lA(XH,K)P = A(X,,,,) where P is a permutation matrix. Hence A(X,,,,) 
and A(X,,,,) have the same eigenvalues. Since XH,K an 
posed ofp-cycles, A(X,,,) and A(X,,,,) are circulant matrices. Therefore, 
for K = {i, , i, ,..., i,,> and K’ = (j, , j, ,...,,j,!, the eigenvalues a7 of 
A(XH,,) and 01,1 of A(X,,,,) are 
and 
as 1 = whs + ,,p f . . . + ,+jd, 
where r, s = 0, l,..., p - 1 and w  is a primitive p-th root of unity. Since 
the eigenvalues are equal, and since the primitive p-th roots of unity are 
hnearly independent over the rationals, it follows that (ilr, &T,..,~ i,r> = 
LA ,.A ,...) j,} for some r. Consider o E A(N) such that lo = r. Then or 
maps K onto K’. 
In our application of Polya’s theorem, since each vertex-transitive 
digraph is composed of p-cycles, we consider the action of the group A(H) 
on these p-cycles. Since A(H) is a cyclic group of order p - I, the 
enumerating function is 
-& 1 4(d)(l + xdg)(p--l)/d, 
d 
where d runs over the divisors of p - 1 an 4(d) is Euler’s $ function. 
We list the enumerating functions for the cases p = 2, 3, 5, 7, E 1: 
p = 2, I + x2. 
p = 3, 1 + x3 + x6. 
p = 5, 1 + X5 + 2x10 + x15 + X20. 
p = 7, 1 + x7 + 3x14 + 4x21 + 3x”S + x35 + xa. 
p = 11,l + x11+ 5x22 + 12x33 + 22x44 + 2695 + 22x66 f 12x77 
+ 5x8s + xgg + xllO. 
s8zb/w/3-5” 
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5. AN ALGORITHM AND EXAMPLES 
We know that, if we apply Schur’s algorithm on ((012 ... (p - 1))): 
we can obtain all the vertex-transitive digraphs with p vertices, i.e., every 
vertex-transitive digraph with p vertices is a regular digraph with p-cycles 
combined together. Let X be a non-complete and non-null vertex-transitive 
graph on p vertices. We state an algorithm for obtaining G(X): We may 
label V(X) so that one p-cycle has edges of the form [i, i + l] where 
i = 0, l,..., p - 1. (1) Let K = {v, , zi2 ,..., u,> be the set of vertices of X 
such that [O, uj] EE(X) for j = l,..., 111. (2) Find the greatest common 
divisor d of m and p - 1. (3) Find a primitive root g of p. Define 0~ = 0, 
and ip = gi for i = 1, 2,..., p - 1, where the operation is taken modulop. 
Then we know A(H) = (p, p?,..., pp-l = e}. (Apparently, one has to use 
a table or trial to find a primitive root of p. However, it is well known that 
every prime p has yS(p - 1) primitive roots where 4 is the Euler’s 
$-function.) (4) Let q be the integer such that qd = p - 1, and consider pa. 
There are two possibilities: (A) If the set K coincides with a collection of 
orbits of length d of +Q, then, by Theorem 3, cr = ~1.4, d = n and 
G(X) = (R, cr> with the defining relations R” = e, @ = e, and &Ro = RIG 
where la = k. Since n is the greatest common divisor of m and p - 1, 
y1 divides both m and p - 1. Also kn = 1 mod p holds. (B) If K does not 
coincide with a collection of d orbits of (&, then repeat the process for 
pq’, where (pq’) is the largest proper subgroup of (yq). Let d’ be the 
integer such that d’q’ = p - 1. Again there are two possibilities; we may 
have to repeat the same process for the largest proper subgroup of (EC”‘). 
However, after a finite number of steps, we obtain G(X). 
We remark that our algorithm does not depend on the choice of a 
primitive root of p. Let g and k be any two primitive roots of p. Then 
A(H) = (p) where p is defined in (3). Let OT = 0, Jo = kj for 
j = 1, 2 ,..., p - 1. Then A(H) = (T). That means T = pb where b and 
p - 1 are relatively prime. Since A(H) is a cyclic group of orderp - 1 and 
transitive on (1, 2,..., p - l}, (p) and (u) have the same orbits and every 
subgroup of A(H) = (T) = (p) is uniqte. 
Examples. For the case of p = 2, the vertex-transitive digraphs are 
just the null graph and the complete graph and their group is the group 
of order 2. For the case ofp = 3, besides the null graph and the complete 
graph with S, , the symmetric group on 3 vertices, as their group, the only 
other vertex-transitive graph is a directed cycle (up to isomorphism) 
whose group is C3, the cyclic group of order 3. 
For the case of p = 5, the non-isomorphic vertex-transitive digraphs 
are 
A CLASS OF VERTEX-TRANSITIVE DIGRAPHS 253 
4 
CIearly, G(X,J = G(X& = Sj . G(X,,) = G(X& = Cj since Xbj is the 
comp!ementary graph of X,, and they have the same group. G(X& is 
the dihedral group of order 10 denoted by Dj ~ We claim that the 
G(X,,) = G5 . We apply our algorithm to rcj, as follows: 
(I) K = (1, 2). 
(2) We know that the greatest common divisor of 2 and p - i is 2. 
(3) Let Qp = 0, and ip = 2i for i = I, 2, 3, 4 where the ogeratioz is 
taken modulo 5. p = (1243) generates A(H). 
(4) The integer q such that q2 = p - I is 2. Consider i,~~. 
Since ,uz = (14)(23), we repeat the process. Since the largest proper 
subgroup of (p) is {e), G(X,,) = C5 . 
We note that X,, , X,, , X5,, and X5, are symmetric. 
For the case of p = 7, according to the enumerating function, there are 
14 vertex-transitive digraph with 7 vertices. Since each vertex-transitive 
digraph of degree YM > 3 is the complementary graph of a vertex-transitive 
graph of degree 6 - nz. Were we only give all the non-isomorphic vertex- 
transitive digraphs of degree < 3: 













2 5 2 
X76 X77 *  78 
Clearly, G(X,3 = S, , G(X,,) = C, and G(X,,) = D, . We note that 
p = (132645) generates A(H). Apply our algorithm; we have G(X,,) = C, , 
G(X7& = C, , G(X,,) = C, , G(X,,) = C, , and G(X,,) = C, . 
Apply our algorithm to XT7: we have 
(1) K = (1, 2,4h 
(2) the greatest common divisor of 3 and p - 1 is 3, 
(3) p = (132645) and A(H) = (p), 
(4) G(X,,), = {p%> and G(X,,) = (R, pz) with R7 = e, (P~)~ = e and 
(p2)-l R(j.2) = R”. 
The order of G(X,,) is 21. 
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